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Terrestrial Planet Finder

Image: Jet Propulsion Laboratory http://planetquest.jpl.nasa.gov/gallery/frequentimages.html

Interferometryvith infrared gatheredoy multipletelescops

Decentralizedontrolto achieveprecisiorformation ying
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Perfectly Decentralized Control

Gy Gy Gs Gy Gs

A A

A

_AH _AN *Aw _Ah —Am

Controldesigmproblemsto nd K whichisblock diagonalywhosealiagonal
blocksare 5 sepaate controllers.

2 3 2 32 3
Uq 0 0 0 O V1
Uo 0 0 0 O Y2
uz? =20 0 0 0 V3
Ug 0 0 0 0 V4
Us 0O 0 0 O V5
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Example: Communicating Controllers

Oftenwe donotwant perfectly decentralized control;we may achievéetter
perfamanceady allovingcontrollerso communicatepoth

to receivaneasurementsom otheraircratft,

andto exchangeéatawith othercontrollers.

A

\ 4 \ 4

K1 Ko Ks

Here we needto desigr3 sepaate controllers.
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Communicating Controllers

S. Lall, Stanfad 2006.04.22.02

QH QN A Qw QA A Qm
A .U A ) .U . A .U A ) .U . A
D D D D
Kq K> K3 K4 Ks
Controldesigrproblemisto nd K whichis block tri-diagonal.
2 3 2 32 3
uq 0 0 0 Y1
Uo 0 0 Y2
uzy = 0 0 Y3
Ug 0 0 Y4
Us 0 0 0 Y5
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Output Feedback Synthesis

We considetinea multivaiablecontrolproblemsn the form

A

G

K1 Ko
Ko Koo Ko
K3 K33 K3y
K3 Ky Kys
Kpy K5

Y

All interconnectioanddeld infamationis encapsulaten G.

Objectivaisto nd a spaise matrix of controllers K to meetperfa-
mancespeci cations.

For agenerals, thereis no knovn solutionto evensimpleversion®f
this problem.Certainclassesre knovn to be NP-complete.
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Sparse Controller Synthesis

Newresults:quadratic invariance.
Chaacterizevhichproblemsare solvable.
Develop computablesolutionmetha.
MichaelRotlowitz, KTH, Stockholm

Netwvorked systemsRandyCogill, Stanfad.



Optimal Control
Open-lmp problemsRadnerl 962
Counterexample linea optimaliy, Witsenhauseh968

Teamtheay, patially nestedstructuresHo andChul1972

Specific Information Structures
One-step-dejad infamation,Fanet al 1994
HierachicalandnestedstructuresyVoulgais 2001

Funnelcausaly, BamiehandVoulgais 2002

Computational Complexity

Papadamitrioand Tsitsiklis1986,Blondeland Tsitsiklis2000
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General Formulation

The setof K with a givendecentralization 2«  p, p,<~ W
constrainis a subspac$§, calledthe y Po1 Poo . y
information constraint.

S. Lall, Stanfad 2006.04.22.02

We would like to solve

minimize  kP114+ P1oK (I PooK ) " tPoik
subjectto K stabilize$?
K2S
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General Formulation

minimize  kP11+ P1oK (I PoK ) tPoik
subjectto K Is stabilizing
K2S

Withoutthe constrainthat K 2 S, thereare well-kneovn solutions

Thecostfunctionmay regesenta deterministiperfamancemeasure,
suchasH , or a stochasticone,suchasH .

The costfunctionis not convex In K .
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No Information Constraint

With stableP, andnospasity constrainbnK , usethe changef variables

R= K( PyK)?!

This givesthe equivalenproblem

minimize kP11 P12RP2ok
subjectto R Is stable

Convexn R

If R is stablethenK is stabilizing.
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Information Constrained Problems

Whenthereis an infamationconstraintafter the changeof variableswe
havethe follavingequivalenproblem.

minimize kP11 P1oRP2k
subjectto R is stable
R PyR) 12S

R hasto satisfya non-convegonstraint

Thereis no knavn tractablesolutionto the aboveproblemin general.
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Quadratic Invariance

SupmseS isasubspaceGivem linea systen(, the subspac8 iscalled
quadratically invariant underG if

S. Lall, Stanfad 2006.04.22.02

KGK 2 S forallK 2 S

Main Result

The subspacé is quadraticallynvaiant underG if andonlyif

K2S () K GK)12s
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Quadratic Invariance

U andY are Banachspaces

G:U! Y iscompact

S L(Y;U)isaclosedsubspace

LetM = K 2 L(Y;U); (I GK) isinvertible
Leth(K)= K(I GK)™1

Thenthe subspac§ is quadraticallynvaiant underG if andonlyif

h(S\ M) =S\ M
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Quadratic Invariance

If S is quadraticallynvaiant, thenthe optimalcontrollens foundviathe
solutionof the convexXprogram

S. Lall, Stanfad 2006.04.22.02

minimize _A_UH_.H _UHN_N_UNH_A
subjectto R Is stable
R2S

Quadraticnvaianceis an (almost) algebraic condition. It holdsfor
continuous-tima]iscrete-timeandstatic systems.

GiverP, wecanseachfor infamationconstraint$ whicharequadrat-
icallyinvaiant. Thesecaresmndto solvablgroblems.
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Example of Quadratic Invariance

SupmseS andG are givenby
2 3

8 2 wm

S Is quadraticallynvaiant, sincefor generaK 2 S
2 3

K GK
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Example: Advance Warning

p p
G1 G2 G3 L
x P P Quadratidnvaianceif
C C
c c C _u
C C
K1 K2 K3

For vehiclgormations

1=p / speedof sound
P isthe propagation delay

Simila resultsin stochastic

c iIsthe communication delay teamtheay,
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Delay Structure

In the aboveproblemG andK are structurecacceodingto

2 3 2 3
* Dot Dogpx  Dapx * Dk Dok Daex
B Dopx  Dp* * D p* B Dockx  Dex * D ok
Quadraticallynvaiantif ¢ p, sinceK GK hasthe structure
2 3
Dy D o D3
Dy Dy Do .
KGK = wherer = minf c;pg
Do Dy Dy

Uwq Umq Dy
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Finite-Dimensional Example

Propagatioely: p =2 Communicatiobely: c=1
2 3 2 3

K GK hasthe samestructureasK , henceS is quadraticallynvaiant.
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Non-Convex Example

Supmse
2 3 38 2 39
<

G 4 5 S= Kjk 4 5

ThenS is not quadraticallynvaiant, sinceK GK 4 S

2 3
Ingeneralk 2 Simpliesk (I GK)™1 4 5

But the setof closed-lop mapsis not convex.
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Computational Delay

G1

Gy

. S Is quadraticallynvaiant if

A

A

&)

a

c C P+

n 1
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Quadratically Invariant Constraints

Stringsandarrays

Symmetricsystems

One-step-degjad problem
Funnel-causayittBamiehandVoulgais, 2002)
Partially-nestedHo andChu,1972)

Manyothers...
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Unstable Plants
For unstabldaP
Guesa stablestabilizingcontrollerK nom?2 S.

Usethe changeof variables

K =Knom+ OA_ GK nom+ QOVIH_.A_ Q_Aso_jv

Thisresultsn the equivalentonvexproblem

minimize kTq T2QT3k
subjectto Q Is stable
Q25S
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Proof outline

S. Lall, Stanfad 2006.04.22.02

If KGK k < 1, thenwe havea convergenseries

K(l GK) 1=K +KGK +KGKGK +:::

All termsliein S
Proof via analyticextensiomf the resolvent

For unstablgransferfunctions,convergence the topologyinduced
by familyof seminomsassaiatedwith L » locall

Theresultis not algelpaic;the technicaconditionsare requirede.g.,
the resultfailson bi-in nite |-.



25 S. Lall, Stanfad 2006.04.22.02

Numerical Example

Considean unstabldower triangula plant

2, 3
s 00 0 0

1 1
ss1s-1 VU 0 0

1 1 1
G(s)=@sirs=1s1 0 O

1 1 1 1 0
s+1 s—1 s+1 s+l

1 1 1 1 1
s+1 s—1 s+1 s+1 s—1

with P givenby

G 0 G
Pii= P1o= Por=1[G 1] Pxp=G
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Example: Information Structures

2

OO N pPOOOO DN

32

OoNNRN W O W
OO0 NN POOOO) N

3 We havea sequencef quadratically

Invaiant spasity constraints

The optimalH > costis

9

3
WW |
optimal |

cost /|

w

1 2 3 4 5 6 7
structure
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Numerical Example

G, Gy

2 3
Gs Hi1 DpHi12 DogHis

jabl
jabl

»
>

a _uNNHch_._B Hoo Uc_._mwm

Hij (s) =27 "Iy

DopH3z1 DpH32  Has

ObjectiveminimizeH o>-nam
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Numerical Example

N
o

=
()]

Optimal Closed-Loop H ,-Norm
=
€] o

o

Tranmission Delay 0 )
Computational Delay

Regulateeachsubsystem

Regulatali erencedetweenadjacentsubsystems
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Computational Test

ThesetS is calledquadraticallynvaiant with resgctto G if

KGK 2 S forallK 2 S

S iIs quadraticallynvaiant with resgctto G if andonlyif

KENGMKAM (1 K@M =0  foralli;j;k;l

Speci ¢ proofsfor mae generainfamationconstraintssuchasthose
Includingdely’s
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Control over Networks
We havea newwork of plantsconnectedby delys

G Go G3

andan assaciatedweighteddirectedgraph

. to
")
ty
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Arbitra ry Networks
De ne
pj Isthe shatestpathlengthfromplanti to plant] .

Gj Isthedely befae controllen receivesensodatafrom plant]

ThenS is quadraticallynvaiant with resgctto G if

senspdelys satisfythe triangleinequaly
Ck  Gj TGk
anddatacommunicatiors fasterthan plantdynamigoropagation

Cj  Rj
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Geometric Scaling of Delay

Propagatiomelgsandtransmissiodelgsscaldinealy with distance
pj =p distancebetweeni and]
similaly for ¢ .

Quadraticallynvaianti ¢ p
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Two-Dimensional Lattice

Controllercommunicate

on lattice

Gn G2 G13
Dynamicgropagatan space

G Gao Ga3
Dela proportionalto distance

G'31 G'32 G'33

Quadraticallynvaiant |

.

—l\

DO |
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Conclusions

Optimal-nom synthesisubjectto guadratically invariant information
constraints IS a convexoptimizationproblem.

We can

Testfor quadratianvaiance
ComputeH > andH ., optimalcontrollers

Manythingsremainunknavn

State-dimensioof optimalcontrollers
Estimationstructureof controllers
Dynamigorogrammingappoach

State-spactrmulaefor all stabilizingcontrollerghat satisfyan
H ~o-nam bound...
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