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The Key Points of This Section

e we can compute minimum energy inputs so that z(7") = X ges

S. Lall, Stanford 2009.11.03.01

e we can measure controllability by looking at the SVD of the matrix

[ATle ATfQB

for large T'

... AB B]

e the singular values and left singular vectors give us the controllability ellipsoid, which

e to compute this as 7" — o0, we solve the Lyapunov equation

tell us strong and weak directions in the state-space

W — AW AT = BBT

the eigenvectors of IV are the axis directions and lengths of the controllability ellipsoid

(over infinite time)
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Controlling the State
discrete-time LDS, z(t) € R" and u(t) € R™

z(t+1) = Azx(t) + Bu(t)  z(0)=0

look at state at time T’

o(T) = [A"'B AT2B ... AB B] U<:1>

ask control questions:

e find input sequence u(0),...,u(T — 1) so that z(T") = Zges
e find all input sequences that result in z(T") = Zges

e among all those, find the smallest, most efficient one
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how to control the state

u(0) u(0)
o(T)=[AT'B AT2B ... AB B]| : |=Hr|
u(T —1) w(T —1)

minimum norm solution is : = H}:cdes

among all input sequences for which x(7T") = Zes, this one has the smallest norm;

i.e, it minimizes
T-1
S NI = NuO)” + lu)* + - + u(T — 1)||?
t=0

called the input energy
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example: mass-spring system
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NN

=]

by

b3

masses m; = 1, spring constants k = 1, damping constants b = 0.8

0O 00 1 0 0 0
0o 00 0 1 0 0
. o0 0 0 0 1 0
W= _9 1 o-16 08 o]T@&F|q]|u®
1.2 1 08 —16 08 0
0 1-1 0 08 —08 0

u(t) is force applied to mass 1

Taes = [1 2300 0] at time step T = 80.
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example: control of spring-mass system

input
state

-10 s L L s L L H H
0 20 40 60 80 0 20 40 60 80
time step time step

sampling period h = 0.1, optimal input achieves desired state

2(80) = Tges = [1 230 0 0]"
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what next?

e what about assumptions? Hy is fat and full rank when?
e computation size; we need to compute H;

e how does solution behave as we change 77
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Reachable Set

e we need Hy to be fat

Hy has dimensions n. x T'm, so if T'm < n we will have range(Hrp) # R”

e we need H, to be full rank
again, if not, then range(Hy) # R"
e range(Hr) is the set of states which are reachable at time T
e range(H;) C range(Hy) if t < s, so we can reach more points given more time

because

Hy = [A"'B AT2B ... AB B]
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Cayley-Hamilton

characteristic polynomial

p(A) = det(Al — A)
= a N +a, N4+ a )+ ag

note that a, # 0

Cayley-Hamilton theorem

A satisfies its own characteristic equation

that is
CLnAn + an_lA"’_l + -+ CLlA +apl =0

important consequence: A" € span{], A A% A”_l}
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controllability

we have

Hr=[AT'B AT2B ... AB B

for t > n, we can express A’ as a linear combination of A"~1, A2 .. . A I

so if T' > n, then

range( Hy) = range(H,,)

e if we are interested in reaching xges in time T" > n, we just need to look at H, to
determine the reachable set

e H, is called the controllability matrix

e if range(H,,) = R" the system is called controllable or reachable.
sometimes we just say (A, B) is reachable
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example: controlling identical masses

e identical masses connected by spring and damper .
i . . mip L ANNA— M2
e input is tension force between masses
]
. . — |
e masses, spring, damping constants = 1 b
continuous-time system
0O 0 1 0 0
: 0O 0 0 1 0
x(t) 11 -1 1 x(t) + | u(t)
1 -1 1 -1 -1
e starting from x(0) = 0, which states can we reach?
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example: controlling identical masses

h
discretization Ay = el B; = / e Bds
0

discrete-time controllability matrix H, = [AgBd A?in A,By Bd}

compute reachable set = range(H,,) using SVD H,=UxvT

we find
1 0
range(H,) = span _01 : (1)
0 -1
can reach those states with 1 = —x5 and #7 = —a»

because tension force does not change center of mass, or total momentum
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energy required

pseudo-inverse

HY = HF(HrHE) ™

minimum norm input sequence achieving (T') = Zges is

u(0)
: = H}Ides
u(T —1)

input energy required

T
Y ) = wie(HP) " Higes
t=0

= ‘Tges<HTH%>71xdeS
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controllability ellipsoid

T
look at the set of states reachable at time 7" with energy ZHU(t)HQ <1
t=0

A

%

/Dy
N

g1u1

e controllability ellipsoid:
semi-axis directions are left singular vectors of Hp
semi-axis lengths are singular values of Hrp

e short axis is weakly controllable direction

e practical method for determining controllability;
gives a quantitative answer, not just yes or no
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controllability ellipsoid

singular values and left singular vectors are eigenvalues and eigenvectors of HyHY

call this matrix W

Wr=[AT'B AT2B ... AB B][A"'B A"B ... AB B]"
T—
_ Ak:BBT<AT)k

k=0

—

e energy required to reach xyes at time T is xdTeSWT_la:des

o ift > sthen W, > W, so I/Vt_1 < W;l, o)

T —1 T -1
xdesWt Ldes < CCdesI/Vs Ldes

less energy is required to reach x4es given more time
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example: energy against time

ky ko k3
m BYAVAVAVE m BYAVAVAYS m
1 2 3
] =] =]
b1 b2 b3

energy required

980
960
940
920
900
880
860

840

minimum energy to achieve desired state

820

800 i i i
50 55 60 65
time steps
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infinite time problems

what happens as T — oo?

let

W = lim Wy

T—o00

T
_ kpRT( ATk
—Th_r>rolo l;OA BB'(A")

this converges if p(A) < 1, that is the system is stable.

e W converges exponentially

eigenvalues of I/ measure amount of energy required to reach corresponding eigen-
vectors with no restriction on how long it takes

e good practical measure of controllability

how to compute it?
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Lyapunov Equation

if A is stable, i.e., p(A) < 1, then

W =Y A'BBT(A")
k=0

we have

AWAT =) AFBBT(AT)
k=1
=W — BB

W satisfies the Lyapunov equation

W — AWAT = BB”
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example: solving Lyapunov equations

they are just linear equations, so it's easy

we want to solve W — AWAT = BB, ie.,

1 1

Wi Wi 3 1| |wnn wig| | 3
- 1

Wa1 Wa2 0 7] w2 wae |1

write this as

1 11
W11 19 3 1 W11 1
1 1
W21 0 3 0 1 W21 . 2
- 1 1 o
w12 00 3 1 W19 2
W22 000 1i6 W99 4
which is just a set of linear equations in w;;
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solving Lyapunov equations

W:[wl...wn} BBT:[blbn]

we can write W — AW AT = BBT as

w1 CL11A algA c. CblnA w1 b1
Wy anA wy| | b2
W, anlA anQA cee annA Wp, bn

this is n? linear equations in n? unknowns
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solutions of Lyapunov equations

we know that if

W =Y A'BBT(A")
k=0

then W satisfies the equation
W — AWA" = BB

key question: is there always a solution to this equation?

is it unique?
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solutions of Lyapunov equations

a1

let Q =[q1 ... qo] and ¢ = | :
dn

write the Lyapunov equation W — AW AT = Q as

A

(I — Ay =g

S. Lall, Stanford 2009.11.03.01

if p(A) < 1 then for any Q € R™ " we have a solution to W — AW AT = Q which is

W = iAkQ(ATyC

k=0

so range(] — A) =R" . ie,

if p(A) < 1 then (I — A) is invertible
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solutions of Lyapunov equations

so we have

if p(A) < 1 then the solution W to W — AW AT = BB is unique

we can solve this to determine controllability; it tells us
e the ellipsoid
{xER” | xTW_lxgl}

0
is the set of states reachable with input energy Z:Hu(t)ﬂ2 <1
t=0

e the corresponding eigenvectors of TV tell us the strongly and weakly controllable
directions




