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Diagonalization

suppose V1, ..., U, is a linearly independent set of eigenvectors of A € R"*":

AUZ‘:)\Z'UZ', Z:L...,TL

express as

A['Ul Un] — [’Ul Un]

define T' = [vl vn] and A = diag(Ay, ..., \,), so

AT =TA

e hence T71AT = A
e T invertible since vy, ..., v, linearly independent

e similarity transformation by 1" diagonalizes A
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Modal form

Suppose A is diagonalizable by T". Define new coordinates by x = T'z, so
Ti=ATi < 1=T 'AT%

in new coordinate system, system is diagonal

7= A\i

Called modal form; trajectories consist of n independent modes, i.e.,

Ti(t) = eM'a,(0)

e if initial state x(0) is an eigenvector v, resulting motion is simple — always on the
line spanned by v
e for A € R, A < 0, mode contracts or shrinks as ¢ T

for A € R, A > 0, mode expands or grows as ¢ |
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Matrix exponential

For a square matrix M, the matrix exponential is defined to be

2

M
eM:I+AI+ET+~~

Then the solution of of # = Az, with A € R" " is

o the series for ¢! converges for all M
e one can check that e/4z(0) satisfies the ODE by differentiating

e natural generalization of scalar case
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11 -5 Matrix Exponential

Properties of the Matrix exponential

matrix exponential is meant to look like scalar exponential

some things you'd guess hold for the matrix exponential (by analogy with the scalar

exponential) do in fact hold

e but many things you’'d guess are wrong

example: you might guess that e'*% = e¢4ef, but it's false (in general)

A= o] 5= [50]

A 0.54 0.84 g |11
Tl oo S T 01
A+B 0.16 1.40 AB 0.54 1.38
© - {—0.70 016 | 7€ = | —0.84 —0.30
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Properties of the Matrix exponential
o B =B if AB=BA
e ¢ is nonsingular, with inverse
(e = et
because
Ag=A _ A=A _ 0 _

° d%etA _ AetA _ 6tAA

e Matlab command: expm(A), not exp(A)
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Example: Matrix exponential

. 01
' A
let's find e, where A = lo 01
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We have
AQ
eA:]—I—A+§—|—---:[+A
since A2=A3=...=0
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Time transfer property
e For z = Az we know
z(t) = ez(0)

interpretation: the matrix e’ propagates initial condition into state at time ¢

e More generally we have, for any t and h,

x(s+1) =

et (s)

To see this, apply result above to z(t) = z(t + s)

interpretation: the matrix e’ propagates state ¢ seconds forward in time
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Sampling a continuous-time system

suppose T = Ax
sample = at times t; <ty < ---: define z(k) = x(ty)

then z(k + 1) = e(tr1=t)44(k)

for uniform sampling t;..1 — t;. = h, so
2(k+1) = "M2(k),

a discrete-time LDS (called discretized version of continuous-time system)
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Complex eigenvectors

suppose Av = Av, v # 0, X is complex
for a € C, (complex) trajectory aev satisfies @ = Az

hence so does (real) trajectory
x(t) =R (ae”v)

o coswt sinwt o
—e [ Ure Uim ] —sinwt coswt -3

where
V="Up~+ JUm, A=0+jw, a=a+ 0

e trajectory stays in invariant plane span{uvye, v }
e 0o gives logarithmic growth/decay factor

e w gives angular velocity of rotation in plane
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Example 1
-1 —10 —10
T = 1 0 0=
0 1 0

trajectory with z(0) = (0, —1,1):

eigenvalues are —1, =+ jv/10

| I I
0 0.5 1 15
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11 - 12 Matrix Exponential

Example 1

eigenvector associated with eigenvalue 71/10 is

—0.554 + j0.771

v =

so an invariant plane is spanned by
—0.554
Ve = | 0.244
0.055

for example, with z(0) = v,, we have

0.244 4 50.175

0.055 — 70.077
0.771
s Vim = 0.175
—0.077

L1
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Diagonalization Simplifies Matrix Expressions
powers (i.e., discrete-time solution):

AP = (TATT)
= (TAT ") - (TAT)
= TAFT!
= Tdiag(\F, ... AT

k

(for k < 0 only if A invertible, i.e., all \; # 0)

exponential (i.e., continuous-time solution):

et = T+ A+ A2+
— [+ TAT '+ (TAT ) /20 + - -
= T(I+A+A/2 .. )T}
= Terrt
— T diag(eM, ... M)
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Stability

we say system & = Az is stable if et — 0 ast — oo

meaning:
e state x(t) converges to 0, as t — 00, no matter what z(0) is

e all trajectories of © = Ax converge to 0 as t — 00

fact: © = Ax is stable if and only if all eigenvalues of A have negative real part:

§R>\i<0> 1=1,...,n

Easy to see for diagonalizable matrices; in fact true for all matrices.
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Stability of discrete-time systems

suppose A diagonalizable
consider discrete-time LDS z(t + 1) = Ax(t)
if A=TAT! then A¥ = TNFT—1
then
z(t) = A'z(0) = TA*T12(0) = 0 ast — oo
for all z(0) if and only if
|)\7j|<1, 1=1,...,n.

again, this is true even when A is not diagonalizable, so we have

fact: x(t + 1) = Ax(t) is stable if and only if all eigenvalues of A have magnitude less
than one




