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Homework 1 Solutions
Due Thursday 10/1.

1. Interpretations of matrix multiplication.

Let B be a 4 x 4 matrix, to which we apply the following operations:

double column 1,
halve row 3,

add row 3 to row 1,

subtract row 2 from each of the other rows,

)
)
)

(iv) interchange columns 1 and 4,
)
) replace column 4 by column 3,
)

delete column 1 (so that the column dimension is reduced by 1)

(a) Write the result as a product of 8 matrices.

(b) Write it again as a product ABC (same B) of three matrices.
Solution.

(a) Each of the operations can be performed as follows.

(a) Double column 1: let B be
B=[by by by bl

where b; is a column vector in R*. Then postmultiply by a diagonal matrix as

follows.
2 0 0 O
01 00
H=1[b1 by by by 00 1 0 =[201 by b3 b4
0 0 01
—_——
w
(b) Halve row 3: let the rows of H be
_hi
h
H=|"2
g
hi
then _
1 0 0 0] [rT h¥
J— 0 1 0 0| |rd hi
{00 L oof [nd] T |3AT
00 0 1] [AF hT
| —

P
(¢) Add row 3 to row 1: premultiply J as follows.

1 0 1 0] [ le+Tj3T
101 0 Of |z | | Ja
K=1o o 1 of 1| 7| T

0 0 0 1| |j5F gF

Q
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(d) Interchange column 1 and 4

0 0 01
L=[k ko ks k][] o 1 ol = ke ks ]
10 0 0
—_—
(e) Subtract row 2 from each of the other rows
1 -1 0 0 z; le—T ir
M= 8 —11 (1) 8 éi? - nglizQT
0 -1 0 1] [T Ir T
—_—
(f) Replace column 4 by column 3
10 0 0
N:[ml ms Mg m4] g (1) (1) (1) :[ml ms M3 mg}
00 0 0
—

(g) Delete column 1 (so that the column dimension is reduced by 1)

0 0 O
A:[nl Ny N3 n4] é (1) 8 :[ng n3 ”4}
0 0 1
U

Then we have the result as the following product of 8 matrices
A=SQPBWRITU

(b) Write it again as a product ABC' (same B) of three matrices.

1 -1 3 0 000
0 1 0 0[5l 00
0 -1 3 0 011
0 -1 0 1 000

2. The final position/velocity of a mass.
Suppose we apply a sequence of 10 force inputs to a unit mass, with the i’th force given
by x;, as in the example on slide 2-3. Let y € R? be a vector with
y1 = position of mass at time 10
y2 = velocity of mass at time 10
Find the 2 x 10 matrix A so that y = Ax.

Find any sequence of force inputs x which transfer the mass to position 2 with final
velocity 0.

Now suppose we want to maximize the final position, (we don’t care about the final
velocity), using a sequence of forces which satisfy

10
>t
i=1
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Find an optimum force input sequence? Is it unique?
Solution.

Suppose ¢(t),v(t) are the position and velocity of the mass at time ¢. Applying Newton’s
law gives

q(t +1) = q(t) + v(t) + 32041
vt +1) =v(t) + 2441

Iterating this gives

q(1) = 521 q(2) = 21 + 522
v(l) = a4 v(2) = x1 + @9

The pattern continues, until we arrive at

(a1
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T4
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We are looking for = such that

hence choosing
zo] [2 317'[2] 2
10 o 1 1 0 o —2
gives a suitable force input as

z=[0 0000000 2 2

There are many other possible solutions.

Since we don’t care about the final velocity, we can ignore the second row of this matrix
equation. Then
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Since a is a vector in R'%, we have o™z is the component of x in the direction of a, scaled

by the norm of a. If @ and x are in the same direction, a”« will take its the maximum
value. So the optimum force input sequence is

Ju—

a 1{@&&&;9
2 2 2

- * _ ]T
lal| ~ 18.2346 2 2 2

T

NI~1
ot
[\SI[9N)
N

and it is unique.

3. Some standard time-series models.

A time series is just a discrete-time signal, i.e., a function from Z, into R. We think of
u(k) as the value of the signal or quantity u at time (or epoch) k. The study of time series
predates the extensive study of state-space linear systems, and is used in many fields
(e.g., econometrics). Let u and y be two time series (input and output, respectively).
The relation (or time series model)

y(k) = apu(k) + aqu(k — 1) + - + apu(k — 1)

is called a moving average (MA) model, since the output at time k is a weighted average
of the previous r inputs, and the set of variables over which we average ‘slides along’ with
time. Another model is given by

y(k) = u(k) + bry(k — 1) 4+ -+ bpy(k — p).

This model is called an autoregressive (AR) model, since the current output is a linear
combination of (i.e., regression on) the current input and some previous values of the
output. Another widely used model is the autoregressive moving average (ARMA) model,
which combines the MA and AR models:

y(k) =by(k—1) +-- -+ bpyy(k — p) + aou(k) + - - - + a;u(k — r).

Finally, the problem: Express each of these models as a linear dynamical system with
input u and output y. For the MA model, use state

[ u(k—1) ]
z(k) = ;
| u(k—7) |
and for the AR model, use state
[ y(k—1) ]
i) =|
L y(k—p) |

You decide on an appropriate state vector for the ARMA model. (There are many possible
choices for the state here, even with different dimensions. We recommend you choose a
state for the ARMA model that makes it easy for you to derive the state equations.)
Remark: multi-input, multi-output time-series models (i.e., u(k) € R™, y(k) € RP) are
readily handled by allowing the coefficients a;, b; to be matrices.

Solution.
In this problem we should find matrices A, B, C' and D such that

x(k+1) = Ax(k)+ Bu(k)
y(k) = Cux(k)+ Du(k).
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o Moving average model. We need to express z(k + 1) linearly in terms of z(k) and
u(k). We have

u(k —1)
u(k —2)
z(k) = :
u(k — 1)
and therefore
u(k)
u(k —1)
z(k+1) = .
ulk+1—r)
Note that
0 u(k)
u(k —1) 0
u(k+1—r) 0
but
0 v o -
u(k —1) 1o 1 o 0 u(k — 2)
u(k+1—r) 0 0 1 0 u(k —r)
| —
z(k)
o)
0 0 0 0 1
1 0 O 0 0
wk+1)=0 1 0 OV ak)+ | . |ulk)
0 0 1 0 . 0 ,
B

y(k) should be expressed in terms of z:(k) and u(k). This is easy from the relation
y(k) = apu(k) + aju(k — 1)+ --- + a,u(k — ) and we get

yk)=[a1 az - ar ]x(k)—l—\ag_/u(k).
C D

(Note: the matrix A with ones on its subdiagonal is called a shift matriz because it
shifts down the elements of the input vector.)

e Autoregressive model. In this case

y(llz -1)
)
o(k) = y( | )
y(k —p)
SO
‘Z(k) kO y(k)
1 1 0
Jf(k + 1) = y( : ) = y( : ) +
y(k+1—p) y(k+1—p) 0



EE263

Now

and

Thus

x(k+1)=

or

and

S. Lall
. 00 0 07 r 1)
y(k - 1) R O | vk -2)
1o 1 o 0
z(k)
y(k) by bo by y(k—1) ] u(k)
0 0 0 0 y(k — 2) 0
: | : + :
0 0 0 0 y(k—p) | 0
—_———
z (k)
0 0 O 0 by by b,
1 0 O 0
01 0 0 00 0
x(k)+ | . x(k) +
0 0 1 0 00 0
by by by by '
1 0 0 0 0
wk+1)=|0 1 0 O latk)+ | . | ulk)
: o 0
0 O 1 0 N ,
B
A
p D

e Autoregressive moving average model. One simple choice for z(k) is

and therefore

z(k+1)=

[ w(k—1) T
u(k — 2)
u(k.— T)
y(k —1)
y(k —2)
L y(k—p) |
Tuk) T T 0 1
0 0
+ 0 + 0
0 y(k)
0 y(k—1)
L 0 L y(k’+.1—p) |

2009.10.13.03
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For similar reasons to the previous parts

i} 0 - 700 O - 0/00 0 - 07
u(k —1) 1 0 0 0
ulk =2) 01 0 0
L = : 0 | z(k)
“(]H()l r) 00 1 0|0 o 0 0
. 00 0 00 0 o0 0
0 .
- - 1o o o 0lo 0 o0 0 |
and
[ 0 1T T0 o0 0lo o 0 0 [0 ]
: 0 0| : :
0 0 00 0 0 0
y(k) _ a; az ag ar | by by b3 bp ao
yk—1) || o ol1 0 o o [*RF]
y(k —2) 0 0/lo0 1 o0 0 0
L y(k+1—p) | | 0 0 0/l0 0 1 0 | L0 |
Thus
To0 0 0 0olo o o0 0 -
1 0 0 0 0
0 1 0 0 O
N . . : : 0
zk+1)=10 0 -~ 1 0[]0 0 0 | (k) + u(k)
agp
a1 a2 as QA bl b2 b3 bp 0
0 0 0 0 0 0
0 0 1 0 0 .
L 0 0 00 0 1 0 | L 0]
and
yk)=[ a1 ay -+ ay|b by -+ by Ja(k)+ ao u(k).
C D

(Note: it is possible to give state-space models with a fewer number of states but
this is not our concern here. A state-space model for the system with the fewest
number of states is called a minimal realization for the system. This topic will be
covered later in the course.)

4. Representing linear functions as matriz multiplication.

Suppose that f : R™ — R™ is linear. Show that there is a matrix A € R™*™ such that
for all z € R", f(z) = Az. (Explicitly describe how you get the coefficients A;; from
f, and then verify that f(z) = Az for any & € R™.) Is the matrix A that represents
f unique? In other words, if A € R™*" is another matrix such that f(z) = Az for
all z € R™, then do we have A = A? Either show that this is so, or give an explicit
counterexample.

Solution.
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T .
Anyz=[21 22 -+ x, | €R"can be written as
T =xT1€1 +T262 + 1+ Tpey
where e; is the ith unit vector in R™. From linearity of f(-) we have

f(x) =z1f(er) +xaf(e2) + - +xnflen),

or in (block) matrix form

fx)=1] fler) flea) -+ flen) |2

Therefore, we simply take

A::[f(el) flea) -+ f(en)]-

In other words, we only need the transformations of the unit vectors e; to form the matrix
A. Note that f(e;) € R™ for i = 1,2,...,n so A becomes an m x n matrix. Suppose
the matrix A is not unique and there is another A € R”*"™ such that f(z) = Az. Then
Az = Az or (A — A)z = 0 for all € R". When z = ¢;, (A — A)e; = 0 implies that the
ith column of (A — 121) is zero. Repeating this argument for ¢ = 1,2, ..., n proves that all
columns of (A — A) are zero and hence A = A. Therefore the choice of A is unique.

5. A sitmple power control algorithm for a wireless network.

First some background. We consider a network of n transmitter/receiver pairs. Trans-
mitter ¢ transmits at power level p; (which is positive). The path gain from transmitter j
to receiver ¢ is G;; (which are all nonnegative, and G;; are positive). The signal power at
receiver i is given by s; = Gyp;. The noise plus interference power at receiver i is given
by
g =0+ Gijp
J#i
where o > 0 is the self-noise power of the receivers (assumed to be the same for all
receivers). The signal to interference plus noise ratio (SINR) at receiver ¢ is defined as
S; = si/q;. For signal reception to occur, the SINR must exceed some threshold value
~ (which is often in the range 3 — 10). Various power control algorithms are used to
adjust the powers p; to ensure that S; > v (so that each receiver can receive the signal
transmitted by its associated transmitter). In this problem, we consider a simple power
control update algorithm. The powers are all updated synchronously at a fixed time
interval, denoted by ¢t = 0,1,2,.... Thus the quantities p, ¢, and S are discrete-time
signals, so for example p3(5) denotes the transmit power of transmitter 3 at time epoch
t = 5. What we’d like is
Si(t) = si(t)/qi(t) = o,
where o > 1 is an SINR safety margin (of, for example, one or two dB). Note that
increasing p;(t) (power of the ith transmitter) increases S; but decreases all other S;. A
very simple power update algorithm is given by

pi(t +1) = pi(t)(av/S:(t)). (1)

This scales the power at the next time step to be the power that would achieve S; = a~y,
if the interference plus noise term were to stay the same. But unfortunately, changing
the transmit powers also changes the interference powers, so it’s not that simple! Finally,
we get to the problem.

(a) Show that the power control algorithm (1) can be expressed as a linear dynamical
system with constant input, ¢.e., in the form

p(t+1) = Ap(t) + b,

where A € R™*"™ and b € R" are constant. Describe A and b explicitly in terms of
0,7, and the components of G.
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(b)
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Matlab simulation. Use matlab to simulate the power control algorithm (1), starting
from various initial (positive) power levels. Use the problem data

1
d ], v =3, a=1.2, o = 0.01.
3

Plot S; and p as a function of ¢, and compare it to the target value ay. Repeat for
v = 5. Comment briefly on what you observe. Comment: You’ll soon understand
what you see.

Solution.

(a)

The power update rule for a single transmitter can be found by manipulating the
definitions given in the problem.

ayplt)  ayp(D)a(t) | @Pil) [0 T2 Gijpj(t)}
pi(t+1) = Si(t) s:(t) o Giipi(t)
ay [U + D Gijpj(t)}
G

In matrix form the equations look like this:

ayG ayG ayGin o
pl(t+1) (2; G1112 g 3 .. z 1 pl(t) (gjl
pa(t +1) -l crra R el I Y 210 [

oy ayG ayGsn ayo
pa(t+ 1) = G3331 G3332 0 T st D3 (t) + Gss
pn(t+1) aanl aanz aans . 0 Pn(t) %%%
nn nn nn N — —— I ;
p(t+1) A p(t) b

The following matlab code simulates the system for v = 3 and an initial power of
0.1 for each transmitter.

clear all; close all;
G=1[1 .2 .1; .12 .1; .3 .1 3];% Gain matrix

gamma = 3; % minimum SINR

alpha = 1.2; % safety margin

sigma = 0.01; % Noise power (same for all receivers)
A = zeros(3,3); for i = 1:3

for j = 1:3

if (i7=j)

A(i,j) = alpha*gammax*G(i,j)/G(i,1i);

end

end

end

b = zeros(3,1); for i = 1:3

b(i) = alpha*gamma*sigma/G(i,i);

end

num_iterations = 20;

p_i = [.1;.1;.1]; % Initialized to p(0)

S = [G(1,)*p_i(1)/(sigma+G(1,2)*p_i(2)+G(1,3)*p_i(3)); \
G(2,2)*p_1(2)/(sigma+G(2,1)*p_i(1)+G(2,3)*p_1i(3)); \
G(3,3)*p_i(3)/(sigma+G(3,1)*p_i(1)+G(3,2)*p_i(2))];

p = p_1i; % matrix to store the powers versus time
for i = 1:num_iterations
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p-i = Axp_i+b;

p = [p p_il; % Find the new powers and save

SINR_current = [G(1,1)*p_i(1)/(sigma+G(1,2)*p_i(2)+G(1,3)*p_1(3)); \
G(2,2)*p_i(2)/(sigma+G(2,1)*p_i(1)+G(2,3)*p_i(3)); \
G(3,3)*p_i(3)/(sigma+G(3,1)*p_i(1)+G(3,2)*p_i(2))];

S = [S SINR_current];

end

figure(1); temp = O:num_iterations; subplot(2,1,1);

plot (temp,p(1,:),’-=’, temp,p(2,:),’~’,temp,p(3,:),’~-.7);
xlabel(’Iteration Number’); ylabel(’Transmitter Power’);
title(’\gamma = 3, intial powers = [.1;.1;.1]1°);

legend (’Transmitter 1°, ’Transmitter 2’, ’Transmitter 3’,0); grid;
subplot(2,1,2); plot(temp,S(1,:),’--’,

temp,S(2,:),’-’ ,temp,S(3,:),’~.”); xlabel(’Iteration Number’);
ylabel (°’SINR’); title(’\gamma = 3, intial powers = [.1;.1;.1]’);
legend (’Transmitter 1°, ’Transmitter 2’, ’Transmitter 3°,0); grid;

The figure below shows the SINR and transmitter power as a function of iteration
number.

y = 3, intial powers = [.1;.1;.1]
0.16 T T T T
— - Transmitter 1
— Transmitter 2 |
— - Transmitter 3

Transmitter Power

10 12 14 16 18 20
Iteration Number

y = 3, intial powers = [.1;.1;.1]
T T T T
— — Transmitter 1
—— Transmitter 2 | _|
— - Transmitter 3

2 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Iteration Number

Similar matlab code can be used to try other initial transmitter powers. For example,
the simulation shown below used initial transmitter powers of .1, .01, and .02 for the
first, second, and third transmitter respectively. In both cases, the final transmitter
powers approach .083, .041, and .047. The SINR appoaches 3.6 = a-y. The algorithm
appears to work.

10
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Testing the system for 4 = 5 and the same initial conditions (see graphs below) shows
that the algorithm does not always succeed. For both initial conditions tried, the
transmitter powers grow exponentially. Also, the SINR approaches 5.92 < avy = 6.
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6. Matrices and signal flow graphs.
(a) Find A € R?*? such that y = Az in the system below:
T L @ Y1
T2 D Y2

(b) Find B € R?*? such that z = Bz in the system below:

$1 \®@\\®@\\x\®{@\ @ Zl
€To + © +

H—= 29

Do this two ways: first, by expressing the matrix B in terms of A from the pre-
vious part (explaining why they are related as you claim); and second, by directly

evaluating all possible paths from each z; to each z;.
Solution.

(a) By evaluating path gains we have

e Gain from x1 to y1. There is only one path with gain 2.

e Gain from x1 to ys. There is only one path with gain 0.5.

e Glain from xo to y;. There are no paths and therefore the gain is 0.

e Gain from xo to ys. There is only one path with gain 1.

12
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= & v2

and therefore
A =

B =

Now by directly evaluating all possible path gains we get

e Gain from x1 to z;. There is only one path with gain 2 x 2 x 2 x 2 =16

e Gain from x1 to zo. There are 4 possible paths. These paths have gains 0.5,
2x0.5,2x2x0.5and 2 x 2 x 2x 0.5 that sum up to 7.5.

e Gain from x4 to z1. There are no paths and therefore the gain is 0.
e Gain from x4 to zo. There is only one path with gain 1.

and therefore we get the same B as expected.

xl \@@\\@@\\\@@\\@@\ Zl
X9 + + + P—= 29

7. Counting sequences in a language or code.

We consider a language or code with an alphabet of n symbols 1,2,...,n. A sentence
is a finite sequence of symbols, ki,...,k, where k; € {1,...,n}. A language or code
consists of a set of sequences, which we will call the allowable sequences. A language is
called Markov if the allowed sequences can be described by giving the allowable transitions
between consecutive symbols. For each symbol we give a set of symbols which are allowed
to follow the symbol. As a simple example, consider a Markov language with three symbols
1,2,3. Symbol 1 can be followed by 1 or 3; symbol 2 must be followed by 3; and symbol
3 can be followed by 1 or 2. The sentence 1132313 is allowable (i.e., in the language);
the sentence 1132312 is not allowable (i.e., not in the language). To describe the allowed
symbol transitions we can define a matrix A € R"*" by

A — 1 if symbol 7 is allowed to follow symbol j
71 0 if symbol 4 is not allowed to follow symbol j

(a) Let B = A*. Give an interpretation of B;; in terms of the language.

(b) Counsider the Markov language with five symbols 1,2, 3,4, 5, and the following tran-
sition rules:

e 1 must be followed by 2 or 3
e 2 must be followed by 2 or 5

13
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e 3 must be followed by 1
e 4 must be followed by 4 or 2 or 5
e 5 must be followed by 1 or 3
Find the total number of allowed sentences of length 10. Compare this number to
the simple code that consists of all sequences from the alphabet (i.e., all symbol
transitions are allowed). In addition to giving the answer, you must explain how you
solve the problem. Do not hesitate to use Matlab.
Solution.

(a)

(b)

This problem is similar to, but not quite the same as, the problem on counting paths
of a given length. If B = A* then B;; is the number of sequences of length k + 1
that start with symbol j and end with symbol i.

For the given Markov language we can find the number of allowed sequences of length
10 by simply adding all the entries of the matrix A°. Form the description of the
rules we have

001 01
110 10
A=|11 0 0 0 1
00 0 10
01 010

Using the Matlab command B = A"9 we find

41 49 24 113 37
55 65 31 150 49
B=A=| 42 49 23 113 37
0 0 0 1 0
31 37 18 86 28

(Note that there is only one word that ends with 4 (i.e., 4444444444, because 4 can
only follow 4.) Adding all the elements of B, using for example the Matlab command
sum (sum(B) ), we find that the total number of allowed sequences of length 10 is 1079.
Finally, we can compare this number to the simple code that consists of all sequences
from the alphabet. Of course there are 5'9 = 9765625 such sequences. Just to check
our method, we can also compute this number the same way as above, by forming
the matrix

b

I
e e
T
e
e
I

(which means any symbol can follow any symbol), then find B = A%, and adding all
the entries of the matrix B. (Yes, you do get the same number as above ...)

14



