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The Key Points of This Section

estimation problems: given ycas, find the least-squares solution x, that minimizes

Hymeas — Ax”

control problems: given yy.s, find the minimum-norm x that satisfies

Ydes — Ax

e the SVD gives a computational approach
e it also gives useful information even when important assumptions don't hold

e estimation: usually need A skinny and full rank

e control: usually need A fat and full rank

e it gives us quantitative information about the usefulness of the solutions
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important facts

easy via the SVD:

because if the SVD of A is

then range(A) = span{uy, ..

also the SVD of A7 is

so null(A?) = span{u,.1, . ..

null(A") = range(A)*

S. Lall, Stanford 2009.10.14.01
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one more

null(ATA) = null(A)

also easy via the SVD:
AtA=vsutusv?
= yizyt

which gives an SVD of AT A.

YIS has the same number of non-zero elements as 3, so both A and AT A have null
space

span{ vy 1, ..., Uy}
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The Pseudo-Inverse
the thin SVD is A = USVT

A

here

A A

U by

o Yis square, diagonal, positive definite

e U and V are skinny, orthonormal columns

the pseudo-inverse of A is

it is computed using the SVD

At =Vt

VT

S. Lall, Stanford 2009.10.14.01
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example

rank 2 matrix:

5 —5 —14
A= -1 0 4
11 10 24
the full svd:
—0.49  0.30
— | 012 —091
0.86 0.30
the thin svd:
—0.49  0.30
— | 012 —0091
0.86 0.30

pseudo-inverse:

0.82
0.41
0.41

35.69

0

0.33
0.31
0.79
0.39

| —0.15

o O O

0.33 0.31

[ 0.33  0.31  0.79

0.38 0.20 —0.11
0.25 —0.86 0.36
0.45 —0.26 —0.47

[ 0.69 022 —0.14

0.799 0.39 —0.15
0.38 0.20 —0.11 —0.53 —0.73

—-0.49 0.12 0.86
0.30 —0.91 0.30

0.67

S. Lall, Stanford 2009.10.14.01

—0.15 |

—0.73
0.01

—0.25
0.62
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key point: pseudo-inverse solves

e |east-squares estimation problems

e minimum-norm control problems

properties of the pseudo-inverse

e if Ais invertible, then AT = A~!

e AismXxn — Alis n x m
o (ADYi= A

o (AT) = (AN

o (MNA)T = \"1AT for A #0

e caution: in general, (AB)" # BT Al
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Estimation and Least-Squares

e assume A is skinny and full rank, so

e m > n so we have more measurements than unknowns; equations are overde-
termined

e null(A) = {0}, so there is at most one solution = to AT = Ymeas

e usually Ymeas = Ax + w with w some error or noise; there are usually no solutions to
Ax = Ymeas

e instead find the /east-squares solution, the x that minimizes

| Ymeas — Ax||
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using differentiation

the residual is
r=Ar — Ymeas

which we would like to minimize

SO
||TH2 — xTATASC o ngeasAx + H?Jmeas”Q

differentiate with respect to x and set to zero

20 ATA -2yl A=0

so the optimum x is

Lopt = (ATA> _1ATymeas

S. Lall, Stanford 2009.10.14.01
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geometric approach

pick as estimate zqpt; by orthogonality R’m A

AZopt — Ymeas L range(A) | / Ymeas
which holds if and only if range(A) |

AT opt = Ymeas € null(A”) \ -
which holds if and only if >

AT<ACCopt — ymeas) =0

SO Topt is optimal if and only if

ATAZCopt = ATymeas called the normal equations

A is skinny and full rank, so A’ A is invertible, so as before

Lopt = (ATA> _1ATymeas
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pseudo-inverse approach

if A is skinny and full rank then A’ A is invertible and

Al = (AT AT AT

to see this, notice that the thin SVD of A is A = UZA]VT, where V' is square and
orthogonal, so

ATA=v22yT
and

(ATA) AT = v 2VTysu?T = ve ot = A



8 - 12 Least Squares S. Lall, Stanford 2009.10.14.01
left-inverse property

when A is skinny and full rank, A" is a left-inverse for A

ATA =T

L est < AT < Ymeas A

S

estimator plant

because AT = (ATA)~tAT

this is exactly what we need for estimation, because if ymeas = Ax, choosing estimate
Lest = A]Ly give
To = ATAz = 2
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effects of noise on estimation

S. Lall, Stanford 2009.10.14.01

Suppose we measure Ymeas = Ax + w and we use estimator B with BA = 1.

Lest = Bymeas

If [|w]|| <1, then the estimate lies in the ellipsoid

Test € {7+ Bw | [Jw]| <1}

because Tt = B(Ax + w) = x + Bw.

Picking B = AT gives semiaxis directions v; and semiaxis lengths o

1/Umin(A>

L worst error |le|| =

set of possible estimates

={z+Alw | |w| <1}

set of possible measurements

={Az+w | lw]| <1}

Ax
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the best estimator

if A is skinny and full rank, then there are many left-inverses. e.g.

0
4 — | B:[mo] 02[0.500.5]
0

010 0 1 0

' o =

both B and C' are left-inverses of A

(' averages out measurements 1 and 3, B just discards measurement 3

if BA = [ then B will work as an estimator, but

o ATAT < BBT
o ||AT|| < ||B||; the pseudo-inverse is ‘smaller’

e in fact, 0;(A") < 0y(B) for all i
I.e., the pseudo-inverse generates a smaller error-ellipsoid

S. Lall, Stanford 2009.10.14.01
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example: navigation

DB
here A € R3** with i
T ‘ ‘
A= |b
Iz 3
and y = Ax. Each b; is a unit vector. 250 S
2_,
15

e 1 Is unknown.

e 1 is measured; ¥; is range measurement in the direction b; with noise w added

o b . 50 20 —50
eacons at | |, |-ql, | _=

e figure shows least-squares estimate plus set of locations consistent with ||w|| <1
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Proof of optimality property

suppose A € R"™*" m > n, is full rank

SVD: A =UXV?, with VV orthogonal

By = AT =VY~'UT, and B satisfies BA =1

define Z = B — B, so B =B+ Z

then ZA = ZUXV! =0, so ZU = 0 (multiply by VX! on right)

therefore

BB' = (B + Z)(Bis + Z)"
= BBl + BZ' + ZBL + 27"
= BB + 27"
> BBl

using ZBL = (ZU)X 'V =0
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code for navigation example

beacons=[ 50, 0 ; 20, 50 ; -50, -50 1;
m=size(beacons,1);

for i=1:m
A(i,:)=beacons(i,:)/norm(beacons(i,:));
end

ship_location=[5; 3];

for i=1:m
range_measurements(i,1)=norm(ship_location-beacons(i,:)’);
y(i,1) = norm(beacons(i,:)) - range_measurements(i,1) ;

end

y =y + randn(m,1);

[U,S,V]=svd(A,0);

x_est=V*x(inv(S)* (U’ *y)) ;
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regression or curve fitting

e model using a linear combination of functions
f(&) =@ fi(t) + 22 folt) + -+ - 4 25 full)

e collect m data samples

e write in matrix form

e find least-squares estimate for x by Te = A'y

e called curve fitting or linear regression; functions f; are called regressors
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example: polynomial curve fitting

e model

f(t) =2 + wot + x3t® + -t

e data samples

yi=f(t) =) wit]
j=1

e write this as y = Ax with

A=

(1t ti ...t?_i
1ty t3 ...t

1 t, t2 ...t}

m

called Vandermonde matrix

e A has full rank if m > n and

distinct

S. Lall, Stanford 2009.10.14.01

order 7 fit

_2 1 1 1 1 1 1 1 1 1 1 1 I
-6 -5 4 3 -2 -1 0 1 2 3 4 5 6

order 11 fit (exact)

2 1 1 1 1 1 1 1 1 1 1 1 I
-6 -5 -4 -3 -2 -1 O 1 2 3 4 5 6



820 Least Squares
example: rocket
e model
height h(t) = =1 + @ot + x3t°
where

x1 = initial height
o = initial vertical velocity

1
T3 = é(g — d) gravity minus drag

assume drag is constant over short burst
of data

e data from radar

tfo 1 2 3 4 5

h(t)| 1001 1093 1177 1245 1305 1349

e estimated initial height z; ~ 1000.43
initial velocity x9 ~ 99.83

S. Lall, Stanford 2009.10.14.01
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code for rocket example

1001; 1093; 1177; 1245; 1305; 1349];
0; 1; 2; 3; 4; 5];

y=[
t=[
m=size(y,1);
for i=1:m

A(d,:)=[1, t(i), 0.5%t(i)"2];
end

[U,S,V]=svd(A,0);
x_est=V*(inv(8S)* (U’ *y)) ;

t_other=0:0.1:8;
for i=1:size(t_other,2)

A_other(i,:)=[1, t_other(i), 0.5%t_other(i)~2];

end
y_other=A_other*x_est;

h_initial=[1 0 O]*x_est;
v_initial=[0 1 O]*x_est;

S. Lall, Stanford 2009.10.14.01
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Control and Minimum-Norm Solutions

e assume A is fat and full rank

e m < n, so more control inputs than outputs; equations are underdetermined

e range(A) = R™, so there is always at least one z which achieves yyes = Ax
e usually there is more than one solution x
e among all x that satisfy yges = Ax we find the one with minimum norm

e called minimum-norm solution
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geometric approach

orthogonality gives R"
{2 | AT = Ydes }

Topt L null(A)

which holds if and only if

/xopt

Topt € Tange(A”) null(4)—" R
which holds if and only if
Topt = A’z for some z
since AZopt = Ydes this holds if and only if
AATZ = Ydes the normal equations

Ais fat and full rank, so AA’ is invertible, so 2 = (AA?) " 1yges sO

Lopt — AT<AAT> _1ydes
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solution via Lagrange multipliers
minimize [ER
subject to AT = Ydes
introduce Lagrange multipliers
Lz, \) = 2l 2 + N (Az — yges)

optimality conditions are

oL

% = 2$Zpt + )\TA =

0L

5 — (Axopt — ydes>T =0
from the first condition zqp = —%AT)\, and

AAT)\ = _2ydes — A= _2<AAT>_1ydes

so as before

Lopt — AT<AAT> _1ydes
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pseudo-inverse approach

if A is fat and full rank then
Al = AT(AAT)

because the thin SVD of Ais A = ULV where U is square and orthogonal, so
AAT = Un?UT

and

AT(AAD L = vsuTus2uT = ve~luT = Af
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right-inverse property
when A is fat and full rank, A" is a right-inverse for A

AAT = T

A

< A ) &L control A]L

Ydes

plant controller

because AT = AT(AAT)™!

e this is exactly what we need for control, because choosing Zeontrol = A'Ydes gives
Y = Axcontrol — AATydes = Ydes

o if B is a left-inverse for A’ then B is a right-inverse for A; control and estimation
problems are called dual
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size of optimal input

||370ptH2 = HAT<AAT)_1ydesH2

— ycII:as<AAT>_1ydes

as expected from SVD

A A

. o).
NI %

o1U1
if A is fat and full rank, then the ellipsoid is

g

E= {y e R™ | 47 (AAT) 'y < 1}
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example: ellipsoids

e Mars rover Spirit, landed 3 Jan 2004
e Predicted to land within ellipsoid 83km by 10km

e View looking east is below
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example: force on mass
e 1 is the sequence of applied forces, so f(t) = x; for ¢ in the interval [j — 1, j].

e 11, Uy are final position and velocity

9.5 85 7.5 6.5 5.5 4.5 35 25 1.5 0.5
cy=dwwhere A=10
e find minimum norm force input = so that final position = 10, final velocity = 0.

e optimal sequence of forces is

0.6;

0.4;

0.2 > f
o /1111007107777 77777

-0.2¢

force f

-0.4/

0% 1 2 3 4 5 6 7 8 9 10
time t
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Matrices Without Full Rank

e estimation: A is skinny — typically more than one least squares solution

e control: A is fat — typically no x satisfying Ax = Yges

ATy gives

, ATy is the one with minimum norm

from all = that minimize ||Az — |
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Matlab and the Pseudo-Inverse

o Al is given by pinv(A)
e svd(A,0) returns the thin svd for skinny matrices, but not for fat ones
e don't compute pinv (A)*y, instead

1. compute thin SVD (look at the singular values, and truncate U, ¥ and V)

2. compute z = UTy, then w = ﬁ]_lz, then z = Vw.

e if A is skinny and full rank, then x=A\y will give the least squares solution

e if A is not skinny and full rank, then A\y will give you something else, which you
probably don't want
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History of Least Squares

e January 1801: Giuseppe Piazzi, director
of Palermo observatory, observed a new
‘star’

e really asteroid Ceres, 900km diameter

e by autumn it had disappeared behind the
sun; nobody could find it again

e September 1801, Carl F. Gauss (1777-
1855) developed least squares; purpose Hubble telescope, ultraviolet, 2001
was to fit observed data to an elliptical
trajectory

e Gauss predicted its trajectory AY7831976K1

e scientific community was amazed.

ZEHN DEUTSCHE MARK

e Gauss became director of Gottingen
observatory

e he published the method in 1809  mwi= & =|
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bounds on relative error

suppose we are computing y = Ax, and A is square and invertible

perturbing x to x 4+ 0x results in y changing to y + dy

oyl /llox]] _ [[A(z + ox) — Az| /|lox|

relative error is

lyll /Nl | Az|| ||
_ JAdz|| /| Az
[oz| /||
< JAJIJATY|
=) (AT Ax]] 4
because = < [|[A™|
| Az|| | Az||

The quantity x(A) = ||A]|||A™Y| is called the condition number of A.
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properties of the condition number
o k(A)=|A|l|A7Y|| if Ais square and invertible

Umax<A>
Jmin<A>

o if K(A) is small we call A well-conditioned, otherwise we say A is ill-conditioned.

e otherwise k(A) = HA||||AT|| =

e r(A) is the eccentricity of the ellipse that is the image of the unit ball under A.

uses of the condition number

J 0

e relative error computing y using y = Ax is HH ?JHH HH CUHH < Kk(A)
Y x
0 )

e relative error computing x from y = Az is HH $HH HH yHH < k(A)
L Y

e relative error computing x from y = Ax with errors in A is

ozl /oAl _
lzll /Al

K(A)



