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The Key Points of This Section

e if we have a continuous-time linear dynamical system
t(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

we can discretize it to make a discrete-time LDS in the form

r(t+1) = Ax(t) + Bu(t)
y(t) = Cx(t) + Dul(t)

which gives the behavior at sample times

e discrete-time systems are just like continuous-time ones;

e they have a modal decomposition
e stability is determined by eigenvalues of A; but we need |A| < 1 not Re(\) < 0

e they map u to y via convolution

e for control and estimation, we can form least-squares problems using the block
Toeplitz matrix which maps u to y
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Inputs & outputs

Continuous-time time-invariant LDS has form

x = Ax + Bu
y=Cx+ Du

o Ax is called the drift term (of 1)
e Bu is called the input term (of )

picture, with B € R**!:
x(t) (with u(t)

a:(t) (With u(t) — _1.5) 5

- |
y
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Interpretations

= Ax + Bu
y=Cx+ Du

write © = Ax + byuy + - - - + by Uy, where B = [by -+ by

e state derivative is sum of autonomous term (Ax) and one term per input (b;u;)

e each input u; gives another degree of freedom for & (assuming columns of B inde-
pendent)

write £ = Ax + Bu as z; = d;rx + bl-Tu, where &;-T, b;-r are the rows of A, B

e ith state derivative is linear function of state x and input u
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Solution

The solution is

t
x(t) = ex(0) +/ e=ABu(1) dr
0

t
y(t) = Ce!2(0) + / Cel" A Bu(r) dr + Dul(t)
0

e check via differentiation
e at time ¢, current state x(t) and output y(¢) depend on past input (u(7) for 7 < t)

e that is, mapping from input to state and output is causal (with fixed initial state)
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Impulse matrix

The impulse matrix is

h(t) = Ce'B + Di(t)

with (0) =0, y = h*u, ie,

yi(t) :Z/O hij(t — 7)u;(T) dr

J=1

interpretations:
e h;;(t) is impulse response from jth input to ith output
o hi;(t) gives y; when u(t) = e;d
e h;;j(T) shows how dependent output ¢ is, on what input j was, 7 seconds ago

e  indexes output; 7 indexes input; 7 indexes time lag
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Step matrix

The step matrix or step response matrix is given by

interpretations:
e s;;(t) is step response from jth input to ith output

e s;;(t) gives y; when u=¢; for t > 0

for invertible A, we have

s(t)=CA (! ~1)B+D
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Mass-Spring Example

=1
=1

" I

e unit masses, springs, dampers
e 1wy is tension between 1st & 2nd masses
® s is tension between 2nd & 3rd masses

e y € R’ is displacement of masses 1,2,3

o



12 -9 Linear Systems with Inputs and Outputs S. Lall, Stanford 2009.11.02.01
Mass-Spring Example

system is:

T +

O = NN O OO
_ N = O O O
O —m O O OO
O = N OO
_ N = O = O
O —m O = OO
O = = O O O
_—_ O O O O

eigenvalues of A are

—1.71 £ 50.71, —1.00 = 71.00, —0.29 £+ 50.71
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Mass-Spring Example
impulse matrix:

impulse response from

0 5 10 15

roughly speaking:

e impulse at u; affects third mass less than other two

e impulse at uo affects first mass later than other two

S. Lall, Stanford 2009.11.02.01
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Circuit Example

Interconnect circuit:

e u(t) € R is input (drive) voltage
e 1, is voltage across C;

e output Is state: y ==

e unit resistors, unit capacitors

e step response matrix shows delay to each node
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Circuit Example

system is
3 1 1 0 1
T = =100 x + ! U Y=
1 0 -2 1 0 ’
0O 0 1 -1 0

eigenvalues of A are

017,  —0.66, —221,  —3.96
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Circuit Example

step response matrix s(t) € R**!:

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

e shortest delay to x1; longest delay to x4

e delays = 10, consistent with slowest (i.e., dominant) eigenvalue —0.17
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DC or static gain matrix

The static gain matrix is

Hy=—-CA'B+D

e static gain matrix describes system under static conditions, i.e., x, u, y constant:
0 =2 = Ax + Bu, y=Cx+ Du

eliminate = to get y = Hyu

e if system is stable,

Hy = / T h(t) dt = lim st

t—00

if u(t) — usx € R™, then y(t) — Yoo € RP where oo = Hyuno
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DC or static gain matrix

DC gain matrix for spring mass example:

1/4 1/4
HO)= | —-1/2 1/2
| —1/4 —1/4

DC gain matrix for example 2 (RC circuit):

H(0) =
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Change of coordinates

start with LDS

x = Ax + Bu
y=Cx+ Du

change coordinates in R" to z, with x = T'z, then

t=T"'"a =T YAz + Bu) =T 'AT% + T 'Bu

hence LDS can be expressed as

where
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discrete-time systems

a discrete-time LDS has the form
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Discretization

we have the continuous-time linear dynamical system (LDS)

we will sample x(t)

e sample times 0, h, 2h, 30, . ..
h > 0 is the sampling interval

e k'th sample is x4(k) = x(kh), and y4(k) = y(kh)
we have

va(k + 1) = x(kh + h)

kh+h
x(kh) + / ARRER=T) By (1) dr
kh

— ek +/ A=) Bu(kh + s) ds
0

S. Lall, Stanford 2009.11.02.01
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discretization

suppose input signal u is constant between sampling times, i.e., on intervals [kh, (k+1)h)
u(t) =ug(k)  for kh <t < (k+1)h

then

h
zo(k +1) = eMay(k) + / e =) Bu(kh + s) ds
0

= eMya(k) + ( /0 h e B ds> ug(k)

so we have the discretized system

:Cd(]f + 1) = Adlljd(k) + Bdud(k) Zlfd<0> = X
yd<k) = Cdxd(k) + Ddud(k)

h
Ad eAh Bd — / BASB ds Cd =C Dd =),
0
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example: force on mass

—

[/11177117717777177777777

Newton's law gives continuous-time LDS
. 0 1 0
T(t) = 0 O] x(t) + [1] u(t)

y(t) = |1 0] x(t)

let's compute the discretization
Ay = A
:I+Ah+%A2h2+---
=1+ Ah

o

S. Lall, Stanford 2009.11.02.01
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example: force on mass

also By

|
C\(Nbc\
I lloHl
2
1
a—
S
V)

so the discretization is

S. Lall, Stanford 2009.11.02.01
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computing the discretization

we want to compute

h
Ay = et B, = / e B ds
0

d
useful fact: — et = At
dt

h h
B, = / e Bds = A_lf A e Bds
0 0
h

e [eAtB} =AM 1B

so, if A is invertible

B;= A" - 1B

S. Lall, Stanford 2009.11.02.01
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example: computing the state
what is x4(4)?
led(4> = Adﬂjd<3) + Bdud(?))

= Ay (Ad.iljd(Q) + Bdud(Q)) + Bdud(S)
= A?1$d(2) -+ AdBdud(Z) + Bdud(S)

uq(0)
ug(1
:Afla:d(O)Jr [ACSZBC[ A?le AdBd Bd} UZEQ§
| a(3)
if h =1, then .
T N R )
Ad_lo 1] _[o 1] Bd_L
1
so AYB; = [2 —; k] , and
5 5 75 31
[AdBd ASBg AqBg Bd] — [12 % % 21]
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Solution of Discrete-time LDS

solution of discrete-time LDS is just given by linear equations
r(t+ 1) = Ax(t) + Bu(t)

iterating this gives

(t) = A'z(0) + [A"'B A"2B ... AB B u(l)

we can also write this as a sum

z(t) = A'z(0) + ) A7) Bu(r)
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convolution

in discrete-time, convolution takes the form

e H(t) is a matrix for each ¢
e the sequence H(0), H(1),... is called the impulse response of the system

e for state-space LDS, we have when x(0) = 0,

y(t) = Z C A7) Bu(r) + Du(t)

7=0

so the impulse response is

H(t)—{D it =0

CA=1B ift>0

e H,;;(0),H;;(1),... is the response of output ¢ to an impulse applied to input j
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block Toeplitz matrices

we have
y(0) D 1 Two)] [ C]
y(1) C'B D u(1) CA
y(.t) CA-'B CA™B ... CB D | |ut)] |[CA"
e this matrix gives the output sequence y(0),y(1),... in terms of the input sequence

u(0),u(1),... and the initial state x(0)

e block Toeplitz means blocks are constant along diagonals from top-left to bottom
right

e we can use this to find controllers and estimators
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example: hovercraft

a hovercraft, mass 1, with thrusters in directions

o] o[t el

has dynamics

1 hOO ipZz - -
0100 0 ur (k)
r(k+1) = 001 h x(k) + 0 1p2 1 vy Vo |ua(k)
0001 0 h us(k))
1000
:U(k) — [O 01 O] .CIZ(]C)

here

e I1,xy9 = position, velocity in x-direction
x3, T3 = position, velocity in y-direction

e h = sample time; we'll use h = 1.

e u;(k) power applied to thruster 7 at time k
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example: hovercraft
we would like to drive it through the positions

y(20) = [g] y(40) = [iol] y(70) = H

at the above times

we have
t—1
y(t) = CA™"7Bu(r) + Dul(t)
7=0
this gives the rows of ) _ ) )
1(20) u(0)
y(40) — Aact
y(70). | u(70) |

here A, 1s 6 X 213.
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example: hovercraft

let’s find the minimum norm sequence of thrusts that meets the specifications

5

u(0)” ;

act | _q

hovercraft trajectory is B

Qe - SEERRERRUREY R ERERREREEE EERERREREIRE R SERERRERRETE S
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example: hovercraft
sequence of thrust inputs is
0.03

0.02

0.01f"

-0.01

—-0.02

-0.03 i i i i i i i i
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comments on this approach

e discrete-time systems have the wonderful property that

the relationship between the sequence of inputs and the sequence of outputs is just
a linear equation

e so we can apply

least squares to find the inputs, given measurements of the outputs
minimum-norm solutions to steer the output along some desired trajectory

e but
e as the number of time-steps increases, so does the size of the least-squares
problems

e computation time grows as (number-of-time-steps)”

e A, contains all powers of A from 1 to the number of time-steps; so condition
numbers grow very large

e worst of all: controllers and estimators are open-loop

e we'll fix all this



