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Eigenvalues and eigenvectors

For A € R"*" there exists nonzero v € C" such that

Av = M\

any such v is called an eigenvector of A associated with eigenvalue A

how to compute

e (A — A) has nonzero null space, thus
det (M — A) =0
which is a polynomial of order n
e the following matlab command finds eigenvectors and eigenvalues

[V D] = eig(A);
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examples

. 1 2
e consider A = [2 1]

e )\ makes (Al — A) rank deficient,
= A1 =3 and Ay = —1

e veEnul(A —A),
v =[11"andvy=[1 — 11

e what if A is rank-deficient already?

12
for example, A = [2 4]
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examples
12 3]
e what are the eigenvalues of A = |0 4 5|7
1006
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e what are the eigenvalues of A= [0 2 07
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e what are the eigenvalues of A =
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Stability of linear dynamical systems

e a discrete time linear dynamical system

r(k+1) = Ax(k) + Bu(k)
y(k) = Cx(k) + Du(k)

is stable if and only if
max |A\(A)| < 1

e a continuous time linear dynamical system

t(t) = Ax(t) + Bu(t)

is stable if and only if
max Re A\(A) < 0

Jong-Han Kim 2009.10.09.



6 EE263 Review session 3

Homework revisited
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a simple power control algorithm for a wireless network (hw set#1)

e we discribed a power control algorithm

plt+1) = Ap(t) + b

as a linear dynamical system as,

0
ayGij/Gii

A, - ifi=j

otherwise

e and simulated two cases, ¥ = 3 and v = 5.

y =5, intial powers = [.1;.1;.1]
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y = 3, intial powers = [.1;.1;.1]
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Iteration Number
v=3
max |[A(A)| = 0.608

v=5
max [A\(A)| = 1.014
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Eigenvalues of symmetric matrices

for symmetric matrices

e cigenvalues {)\, ..., )\n} are real
e eigenvectors {q, . .. ,qn} form an orthonormal basis for R"

e thus diagonalized by an orthogonal matrix
U'AU = A

where

U=|0 @ - ] A=

e A is written as

A=UN" =" Nagiq]

1=1
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Example

torque and angular motion

e angular acceleration of a rigid body is a linear function of the applied torque

Ty - [xy [yy / Yz u)y
_TZ_ _]332 [yZ ]ZZ_ _wZ_

e principal axis: the direction along which the applied torque and the resulting angular
acceleration align

e principal moment of inertia: the scale factor for such cases
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Quadratic forms

o if Ais a symmetric matrix, the quadratic function f(x) = 2! Ax which maps R" to
R is called a quadratic form. for example,

— — T — — — —
X1 aip aiz2 Aais X1
T _
x Ax = X2 a12 Q22 423 X2
LT3[ | @13 A23 A33] X3

2 2 2
= 1174 + 22X + 3375 -+ 2&12561562 -+ 2&23562%3 -+ 2&13561%3

e We can bound 21 Az
Nt < 2l Ax < A\pur2’ @
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Example

quadratic optimization problems

e we can solve the following problem easily

maximize

subject to

e what about the following?

maximize

subject to

2! Ax

xTxgl

1Az ]2

xTxgl
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Homework revisited

the final position/velocity of a mass (hw set#1)

maximizing the final position boils down to

maximize a;x

subject to e <1
which is equivalent to

maximize  z° (ai1ay )T

subject to olr <1

eigenvalues of ajal?

eigenvectors of ajal?
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Positive definite matrices

positive definiteness

o A is positive definite if ! Az > 0 for all nonzero z

o A is positive semidefinite if z! Az > 0 for all =
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Schur complement

e Suppose A is invertible, then

21" A B] [z
[y] [BT D] [y] = 2! Az + 22" By + vy Dy

= (z4+ A 'By)fA(x + A'By) +y'(D — BT A™'B)y

e D — BTA™1B is called the Schur complement
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Examples

optimization over partial variables

e find x that minimizes the following quadratic form

=[] [ 0] [

= 2l Az + 22" By + vy Dy
— (z4+ A 'By)'A(z + A'By) +y'(D — BT A™'B)y

e min, f(z,y) =y' (D — B'A™'B)y
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feasibility of a polynomial inequality
e is the following polynomial inequality feasible?

f(x) = 4] + daiay — Trias — 2xi25 + 1025 < 0

e in quadratic form,

I 7 1" T4 —y 2 1 3 ]
flx)=| =3 -y 10 1 3
1| | 2 -1 =T+ 27_ T1T2

4 —x 2
e if [—y 10 —1 > (), such z1 and x5 do not exist.
2 -] —7+ 2y |

e infeasibility certificate: v =6

4 —6 2]
—6 10 —1

2 =1 5

> ()



