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The key points of this section
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e there is an ellipsoid for control problems, which tells which directions have strong and

weak actuator authority

e ellipsoids in both control and estimation problems arise because of the geometry of

linear transformations

e the singular value decomposition gives a way to both compute and understand this

geometry

e the svd also gives us a way to pick out the essential features of any linear map, and

simplify it by remove the unessentials
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Geometry of Linear Maps
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an extremely important fact:

every matrix A € R™”" maps the unit ball in R" to an ellipsoid in R

S:{JJGR”|||1:||§1} AS:{A:L’|:UES}
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singular values and singular vectors

first, assume A € R™*" is skinny and full rank

U1
.
o1urg
e the numbers o1, ..., 0, are called the singular values of A
by convention, o; > 0
e the vectors uy, ..., u, are called the left singular vectors of A

these are unit vectors along the principal semiaxes of AS

e the vectors v, ..., v, are called the right singular vectors of A

these are the preimages of the principal semiaxes, defined so that

AUZ‘ = O;U;
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The Thin Singular Value Decomposition

we have A € R"*" skinny and full rank, and

Av; = o;u; forl<i<n

g1
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U:[ul ugun} V:[vl vg---vn]

On

in matrix form, the above equation is AV = U and since V is orthogonal
A=UsVT

called the thin (or reduced) SVD of A
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The Full Singular Value Decomposition
we can add extra orthonormal columns to U to make

U= [ul Uy -+ um]

an orthogonal matrix; we also add extra rows of zeros to ¥, so

A=Uxv"T

A U by VT

this is the (full) singular value decomposition of A

every matrix A has a singular value decomposition; if A is not full rank, then some of the
diagonal entries of X will be zero
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example: SVD

o~

I
= o =
DO — DO

use [U,S,V]=svd(A) in Matlab

A= ]-0.542 —0.391 —0.744 0 1.403 —0.476 0.880

—0.319 0.915 —0.248| |5.747 0 l_0'880 —0.476}
—0.778 —0.103 0.620 0 0
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thin SVD for matrices without full rank
when A € R™*" skinny, not full rank, the thin SVD is

A A

A=0xvT

here
o U € R™ " has orthonormal columns
e LER™ s diagonal
e V€ R™" has orthonormal columns

if A is fat and not full rank, there is a similar thin SVD
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interpretation of SVD

T T T
T VT Va:> > EVCE> U UXVx

the SVD decomposes the linear map into
e rotate by VT
e diagonal scaling by o;
e pad with zeros (if m > n) or truncate (if m < n) to make m-vector

e rotate by U

note that, unlike the eigen-decomposition, input and output directions are different
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rank

the SVD tells us the rank of a matrix:

if A has rank 7, then A has r non-zero singular values

this is because A = UXVT, and U and V are rotations, so

rank(A) = dimrange(A) = dim range(2)
range and null space
if 7 = rank(A), then
e {uy,...,u,} are an orthonormal basis for range(A)

e {Vy41,...,v,} are an orthonormal basis for null(A)
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example: testing achievability of desired outputs for control

we want to find x so that yges = Ax

question: is there such a x7 i.e., is Yges € range(A)?

bad approach: (numerically unreliable)

check if rank [yges A] = rank(A)

good approach:

use svd: A =UXV7T

.
component of yqes in range(A) is Z uiuiTydes
i=1

residual z is

,
Z = Ydes — Z uiu?ydes = (I - UUT)?Jdes

=1
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algebraic interpretation of SVD

the SVD
A=UxvT

T

T

A= E T,
i=1

can be written as

where r = rank A

so every matrix A is the sum of rank one matrices
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Computing the SVD

the singular values of A are

the square roots of the nonzero eigenvalues of A7 A or AAT,

because
AAT = uxvTveTu”
—uxxtuT

this also implies that
e left singular vectors u; are the eigenvectors of AA”

e similarly, right singular vectors v; are the eigenvectors of A" A

this gives one way to compute the SVD; it is never used in practice
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The SVD and the Control Ellipsoid

we want to choose x so that Ax = yges.
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e input right singular vector v; is mapped to left singular vector u;, amplified by o;
e 0, measures the actuator authority in the direction u; € R™
e r<m = no control authority in directions w1, ..., u,, (outside range(A))

e if Ais fat and full rank, then the ellipsoid is
E = {y e R™ | yT<AAT)71y <1 }

because

AAT —psvTyvsut = syt
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example: forces applied to a hovercraft

apply forces via thrusters x; in specific directions on a hovercraft

1,,

-2 -1 0 1 2

e total force on body y = Az,

e 1z, is power (in W) supplied to thruster ¢

e ||a;|| is efficiency of thruster

e most efficient direction we can apply thrust is given by long axis

o 01 = 1.4668, oy = 0.5904
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The Preimage

e For control, uses SVD in forwards direction; If ||z|| < 1, where is y?

Answer: in the ellipsoid {x € R" | 2T AT Az <1}

e For estimation, consider backward direction; if ||y|| < 1, where was z?

Ui

ATy
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»
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e short axis of ellipsoid is stretched most by sensing. Small changes to x in the direction
vy cause large changes in sensor readings y; sensors are highly sensitive

e long axis of ellipsoid is stretched least by sensing. Small changes to x in the direction
v, cause small changes in sensor readings y; sensors are insensitive
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example: row interpretation

o [efl o5 1
A= lzg] B lo.25 1]

v and v are eigenvectors of AT A with corresponding singular values

o1 ~ 1.5117 o9 =~ (0.1654

sensors are 10 times more sensitive to changes in x in the vy direction than in vy direction.
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summary: svd, control and estimation

A € R™ " singular values of A are the square-roots of the eigenvalues of AA” the same
as those of AT A

control
e control ellipsoid C R™ (output space)
e semiaxes are left singular vectors (they are in the output space)

e singular values measure actuator authority/efficiency

estimation
e estimation ellipsoid C R™ (space of unknowns)
e semiaxes are right singular vectors (they are in the space of inputs/unknowns)

e singular values measure sensor sensitivity
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History

the SVD was invented /discovered by

coined  words  graph,
group, Hessian, hyper-
plane, invariant, jacobian,
matrix. . .

wrote one book, on
poetry

Eugenio Beltrami Marie E. Camille Jordan James Sylvester
(1835-1900) (ltaly) (1838-1922) (France) (1814-1897) (England)

at ETH with Einstein;
moved to Princeton in
1933

Erhard Schmidt Hermann Weyl
(1876-1959) (Germany) (1885-1955) (Switzerland)
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The Matrix Norm

the norm of a matrix A is

I1A] :max{ ﬁ'” ' x GR”,:E;&O}

also called the operator norm, spectral norm or induced norm.

gives the maximum gain or amplification of A

the maximizing x is given by v; and the output is Av; = oquy

so the norm of A is the maximum singular value of A:

|A]l = 1(A)

similarly the minimum (nonzero) gain is achieved by v,, with an output of o, u,
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properties of the matrix norm

satisfies the usual properties of a norm:
e scaling: ||cA|l = |c|||A]| for ¢ € R.
e triangle inequality: ||A+ B|| < ||A| + || B]|-

e definiteness: ||A|| =0 <— A =0.

also
o |A] = [AT|
o if A€ R"™! (so Ais just a vector) then
matrix norm of A = vector norm of A
1
m n 2
o A< D0 layl?
i=1 j=1
[ ]

1A = max max|a;;
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triangle inequality

|A+ Bl < [|A[l + [ Bl

holds because

|A+ Bl = maX—H(A + Bja
N |

A B
< 1421l + 12l
A el

| Az]] | B|
220 |zl| a0 |z
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matrix-vector composition

[Az[| < [[A]ll|=|
matrix-matrix composition
[AB| < [[A[ll|B]
because
AB
IAB|| = max 14521
w0l
- Al B]]
< max
w0 ]
< | AllllB]]

this inequality is also called the submultiplicative inequality.

S. Lall, Stanford  2009.10.07.02

7 - 24 Singular Values and Matrix Norms
example: matrix norm and estimation

example: suppose A is square and invertible

we have
Ymeas = Ax +w
where w is noise

estimator Test = A Ymeas gives
Tesg = & + A" w
so the estimation error satisfies

Il — west]| < A7 [l

so if we know |lw| < 1 then we know ||z — Zest|| < [|A7Y]

S. Lall, Stanford  2009.10.07.02
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The SVD and Rank

SVD captures the numerical rank of a matrix A € R"*".

min{ |A— BJ| | B€R"™" rank(B) < k} = Opi1

the optimal B is given by

k

T

B = g oiU;;
i=1

this is not obvious; we will not prove it

example

if a matrix A € R'%%1Y has singular values
o =100, o09=35, o03=10, o4=2

and o5 < 0.00001, then we might say its numerical rank is 4
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example:low rank approximation

v

Lall, Stanford  2009.10.07.02

11.08 682 176 —6.82 ]
250 —1.01 -260 1.19
~488 507 —3.21 520
Ao | 049 1s2 207 —L66
1404 —1240 —6.66 12.65
027 -850 —10.19 9.15
9.53 —9.84 —17.00 11.00
~1201 364 1110 —4.48 |
[ —025 045 062 033 046 005 —0.19 001 ] [ 36.83 0 0 0]
007 011 028 —078 —0.10 0.33 —042 0.05 0224 0 0
021 —0.19 049 011 —047 —0.61 —0.24 —0.01 0 0002 0|[-004 —054 —061 058
| —008 —0.02 020 006 027 030 020 —0.86 0 0 0 001 092 017 —0.33 —0.14
Tl 050 —055 014 —0.02 061 0.02 —0.08 —0.20 0 0 0 0| -014 —049 —0.31 —0.80
044 003 —0.05 050 —0.30 055 —0.36 0.18 0 0 0 0| -036 066 —0.65 —0.09
059 043 021 —0.14 —0.03 —0.00 0.62 0.13 0 0 0 0
| 030 —051 043 002 —0.14 034 041 040 || 0 0 0 0]
[ —025 045 ] [ 1108 683 177 —6.81 |
007 011 250 —1.00 -2.60 1.19
021 —0.19 488 507 —321 521
Ao | 008 002 {36.83 0} {—0404 —054 —0.61 058 ] | 049 152 207 166
pprox 0.50 —0.55 0 26.24 0.92 0.17 —0.33 —0.14 ~14.04 —1240 —6.66 12.65
044  0.03 027 —851 —10.19 9.15
059 043 953 —9.84 —17.00 11.00
| 030 —0.51 | | -1201 364 1110 —447 |

here ||A — Aspproxl| < 03 =~ 0.02
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example: application of low rank approximants

suppose A € R10000x10000 i 5 dense matrix, so computing the matrix-vector product Az

is computationally expensive; 10° multiplications

if A has singular values o1 = 100, 09 =35, o03=10, o4 =2, and o3 < 0.001 for
k > 5, we can compute Ax very efficiently

4
the optimal rank 4 approximant to A is A,pprox = Z Jiu,-vl-T
i=1

50 let Yapprox = Aapprox® = 100(v] x)uy + 35(va x)uy + 10(vd x)uz + 2(v] z)uy
this is a simplified model for y = Ax

error analysis

| Az — yapprOXH = |I(A— AapprOX)xH
< [|A = Aspprox |||z < 0.001 ]|z

which gives a relative error of 0.1% in 4 x 10* multiplications
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example: image compression

we can represent a (grayscale) image by a matrix; each pixel is an entry between 0 and 1.
image size: 400 x 400

rank 400 rank 1 rank 2 rank 3

rank 8 rank 10 rank 20 rank 30
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Summary: the SVD

svd is readily computed
gives a numerically reliable way to compute with e.g. rank, null space, range of A

gives the lengths and directions of the semi-axes of the ellipsoids for control and
estimation problems

gives low-rank approximations, which make models simpler and computations cheaper




