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Eigenvalues of Symmetric Matrices

a matrix A € R"™" is called symmetric if A = A"

eigenvalues

if A is symmetric, then the eigenvalues of A are real

to show this, suppose x is an eigenvector of A with eigenvalue A\ € C. Then Az = \x

and x # 0

we will show that A\ = \. we know that

2T Ax = \eTx = AZ|$Z-|2
i=1
also .
T Az = (Az) e = XzTa = N Z|x1|2
i=1
since [|z|| # 0, we have A = X




6 - 3 Symmetric and Positive Matrices S. Lall, Stanford 2009.10.05.02

Eigenvectors of Symmetric Matrices

for symmetric matrices:

eigenvectors corresponding to distinct eigenvalues are orthogonal

suppose Ax; = A\jxq and Axy = A\oxo. Then

ol Axy = (Az)) ay

= AlaslTxg

and also

J:lTAJ:Q = )\2:1:1Tx2
therefore

()\1 — )\Q)I'lTSL‘Q =0

and since A\; # Ay we must have x%rxg =0

e if A is symmetric and has n distinct eigenvalues, then its eigenvectors form an or-
thogonal basis for the vector space R"
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eigenvectors

fact: every n x n symmetric matrix A has n eigenvectors

{an a0}

which form an orthonormal basis for R".

in matrix notation

U=n @ - ¢ A=

then, since ¢; are eigenvectors, we have AU = UA and so

U TAU = A

i.e. the columns of U are an orthonormal basis which diagonalizes A

also U is an orthogonal matrix, so U~ = U™
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example: symmetric matrices in mechanical systems

for linear undamped mechanical systems (e.g. elasticity), the equations of motion are
Mi(t)+ Kx(t) =0

where M and K are symmetric matrices. for example:

]{31 kQ ]{fg k4

M1 A~A~AA T2 Ao g oo 1y

for this system,

2 -1 0 0

-1 2-1 0

M= K=\ 41 2
0 0-1 1

with ¢ = U 'z and K = UAU"!, we have

G(t) + Aq(t) =0

and the motion decomposes into 4 normal modes
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Quadratic Forms
if A is a symmetric matrix, the quadratic function f(z) = 27 Az which maps R” to R is
called a quadratic form. for example,

771 2 —1] [z

Y 2 =3 0 y| =2 + 4wy — 202 — 3y + 722
z -1 0 7 z

positive definite matrices

the symmetric matrix A is called positive definite, written A > 0, if

2T Az >0 for all nonzero x € R"

examples

e cl is positive definite if and only if ¢ > 0.

° lz ﬂ is positive definite if and only if @ > 0, ¢ > 0 and b2 < ac
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quadratic forms and eigenvalues

suppose A is symmetric with eigenvalues A\; > Ay > --- > \,,. then

Mz|)? > 2T Az > N ||z||* forallz € R”

to see this, let {ql, e qn} be orthonormal eigenvectors of A with the above eigenvalues.
then

n
T Az = Z Nilgl z)?
i=1

n
Z >\7LZ|qiTx|2 - )‘HHIHQ
=1

notes
e picking 7 = ¢, gives v7 Az = )\, ||z||* and so the inequality is tight

e this gives the following test for positive definiteness:

A>0 = Amin(A4) > 0

6 -8 Symmetric and Positive Matrices S. Lall, Stanford 2009.10.05.02
notation for symmetric matrices

e A is called positive semidefinite if
T Az >0 for all x € R"
e we write A < 0 to mean —A > 0. In this case, we say A is negative definite.
e we write A > Btomean A— B > (.
e similar notation for semidefiniteness.

e a matrix which is neither positive semidefinite nor negative semidefinite is called
indefinite.
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properties of positive definite matrices

e addition of positive matrices

S. Lall, Stanford  2009.10.05.02

A>0and B> 0 — A+B >0

e block diagonal matrices

e invertibility

e scaling

A0
A>0and B> 0 {O B]>O
A>0 - A is nonsingular
A B>0 and A\ pu>0 = M+ puB >0

6 - 10 Symmetric and Positive Matrices

matrix square roots

if A is positive semidefinite, then

where

A=UANUT
— UNUTUAUT
— (UAUT)?

AZ = diag(V A, Vg, ..., V)

the matrix UA2U7 is called the square root of A
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Ellipsoids

an ellipsoid is a sphere stretched in orthogonal directions called the principal semiaxes

every positive definite matrix has a corresponding ellipsoid

\/

ellipse(B) = {z e R" | 2"B 'z <1}

Notes

e BERY" B=B' B>0.

semiaxis lengths: \/\;, where \; are eigenvalues of B
e semiaxis directions: eigenvectors of B

B is positive definite if and only if B! is, and they have the same eigenvectors.

using B instead of B~! replaces v/)\; by %
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example: navigation

here A € R**2 with

and y = Ax. Each b; is a unit vector.

%2 151 05 0 05 1 15 2
The contours of ||Ax|| are

[Az|| < ¢ <z €ellipse((A"4)7)

the sensors are most sensitive to the component of x along

the short axis of the ellipsoid




